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A diameter-bound theorem for a class of distance-regular graphs which includes 
all those with even girth is presented. A new class of graphs, called (s, c, a, k)- 
graphs, is introduced, which are conjectured to contain enough of the local 
structure of finite distance-regular graphs for them all to be finite. It is proved that 
they are finite and a bound on the diameter is given in the case a < c. 
INTRODUCTION 
It has been conjectured that there are only finitely many finite distance- 
regular graphs with any fixed valency k (3 < k < 00). The truth of this 
conjecture is equivalent to the existence of an upper bound on the diameter 
of these graphs in terms of their valency. Examples listed by Biggs and 
Smith [2], Smith [6,7], and Cohen [3] suggest the bound is 2k - 1, but a 
proof that this is the bound, or even that a bound exists at all, has never been 
found. 
One way to establish a bound on the diameter of a finite distance-regular 
graph is to (1) find a bound on the diameter of these graphs in terms of their 
valency and girth, and (2) find a bound on the girth of any distance-regular 
graph with valency at least three. The existence of a bound on the girth 
seems likely, since Weiss [9] has shown the girth of any distance-transitive 
graph is at most 16. 
In [8], we achieved (1) in the special case when the graph is bipartite. In 
this paper we extend and improve our results by proving 
THEOREM 1. Let r be a distance-regular graph with diameter d 
(1 < d < a~), valency k, girth 2s or 2s - 1, and intersection array 
0 1 
c* 
a*’ 
Cd 
0 a, a, ... ad . 
k b, b, ... 0 i 
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Suppose a,-, < 2c, - 2 and set p = max(c,, a,- ,). Then 
p> 4 cx-s+ 1 
cS-l/b,-,+,-1 
+- 
c, - 1 
(s<x<y+ l<d) 
and 
P > CY-St 1 cx-,+1 
-/-+- 
c, - 1 c, - 1 CT,-- 1 
(s<x<d-y+s<d). 
In particular r is finite with 
d<(s-l)(k-1)+1 if p = 2c, - 2, 
d’ (’ - ‘) I 
in(k) 
ln((2c, - 2)/p) + ’ I 
if p < 2c, - 2. 
We then show that at least in the case a,- I & c,, the existence of a 
diameter bound stems from much weaker assumptions about the graph than 
distance regularity. We call a graph with this weaker structure an (s, c, a, k)- 
graph, and prove 
THEOREM 2. Let r be an (s, c, a, k)-graph with a < c. Then I’ is finite 
with diameter d satisfying 
d< (s- l)(k- l)+ 1, 
d Q max 3s - 1, 
if c=2, 
<max(s- 1) 
2ck - 2c 
3c-2 
-2c + 5 + 2, 
I 
if c>2. 
We refer only to connected, undirected graphs without loops or multiple 
edges. r will represent a graph with (possibility infinite) vertex set 
vr= jv,, v2 ,..., V, ,... } and edge set EI’, a set of two element subsets of VT. 
Two vertices u and v are said to be adjacent if (u, v) E ET. If u and v are 
vertices in a graph I’, a path of length n or n-path connecting u and v is a 
sequence of n + 1 vertices {u=u, ,..., u,=v}, where (ui,ui+,)EET 
(O<i<n- 1) and ui-,#uit, (1 < i < n - 1). An n-cycle is an n-path 
(u = ug,..., u, = u}, where u1 # u,-, . The girth of any graph is the length of 
the shortest cycle. If there is no cycle the girth is undefined. For any 
u,v E VT let a(u, v) denote the distance between them, defined to be the 
length of their shortest connecting path. The diameter of r is the maximum 
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value 8 takes on. If 8 is unbounded we say the diameter is infinite. For any 
vertex v E Vr, let T(V) be the set of vertices adjacent to u. We shall always 
assume this set is finite. The size of T(v), Ir(u)l, is called the valency of U. If 
IT(u)1 = k for all u E VT we say r is regular with valency k. 
Let r be any graph with diameter d. For any U, u E r set 
C(u, u) = {w 1 w  E vr, qw, u) = qu, u) - 1, (w, u) E ET}, 
B(u, u) = (w 1 w  E VI-, a( w, u) = qu, u) + 1, (w, u) E ET}, 
A(u, u) = {w 1 w  E vr, qw, 24) = a(?.& u), (w, u) E El-}. 
For any integer i (0 < i < d) let 
Ni = ((u, u) 1 u, u E VI-, qu, u) = i) 
and define the functions ei, b i^, a^,: Ni -+ H by 
c”i(uT u, = 1 c(u, u)l 9 6i(u, u, = IB(K u)l1 
&J”, u, = IA(#7 u)l 9 (u, u)E Ni. 
If (U,u)ENi (1 <i<d), set 
Xj(U, u) = (WI w  E vr, cY(w, u) =j, qw, u) = i -j} (0 <j < 9, 
and 
X(24, U) = LJ xj(U, u)V (u, u) E vr. 
j=O 
Finally for each i (0 < i < d) we let 
Ci = min(CIi(U, U) ) (u, u) E N,}, bi = min(gi(u, U) I (u, U) E Ni}. 
It is immediate that 
Ci<Ci+I and bi>bi+l (O<i<d- 1). (1) 
A graph r is called distance-regular if cIi(u, u), bi(u, u), and &(u, u) are 
constant functions for all i (0 < i < d). Notice the constancy of 60(~, u) 
means a distance-regular graph is regular with valency k = b,. Set 
ai = k - bi - ci (0 ,< i < d). 
The constants q, b,, ci (0 < i < d) associated with any distance-regular 
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graph r are called its intersection numbers and are often displayed in the 
intersection array 
0 c,=l c* .** Cd 
0 
k=b, :; ;; 
. . . 
. . . 
ofl-. 
For any graph r and subset XC VF, the vertex subgraph A of r induced 
by X is defined by 
VA=X, Ed = {(u, v) 1 u, v E VA, (u, v) E ET). 
Finally, we will use the following notation: if f and g are functions on 
some domain D, we write 
f * g = 1 f(p)g(p). 
PED 
All other terms not defined are as used by Biggs in [ 11. 
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We first prove a technical lemma. 
LEMMA 2.1. Let integers c, p, and s all be at least 2. Suppose the 
vertices of some graph F can be partitioned into s + 1 disjoint sets 
V.=U;=,Mi, where for any U,VE VT, uEMi, vEMj, and (u,v)EEF 
implies I i - j( < 1. For i = 1 or s let Ii and Li denote the minimum and 
maximum number of vertices in Mi-, any vertex in Mi is adjacent to, and 
for i = 0 or s - 1 let ri and Ri denote the minimum and maximum number of 
vertices in Mi+ , any vertex in Mi is adjacent to. Also assume 
(i) a(u, v) = s for some u E M0 and v E M,, 
(ii) for integers i, j E [0, s] and for any u E Mi and v E Mj, there are 
either c or 0 paths of length s connecting them tf 1 j - iI = s, and either 0 or 1 
paths of length 1 j - iI connecting them if 1 < 1 j - i I< s - 1, and 
(iii) for any u, v E VT with u E M,, v E MS- 1, and a(u, v) > s - 2, 
there are at most p paths {u = v,, v, ,..., v,+, , v, = v), where either v, E M, 
or v,-, E MS. 
Then 
P > r,-I 1, 
c-l ‘R,-l +L,-l. 
(2) 
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Proof: Let X be the set of ordered pairs (u, v), u, u E VT, where u E M,, 
v E M,-, , and a(u, v) > s - 2. We define three functions U, D, I: X-+ Z. For 
any x = (u, v) E X set 
U(x) = the number of paths {u = vO, v, ,..., v,-, , u, = u) 
UiE VT(O,<i<s)withu,-, EM,, 
D(x) = the number of these paths, where v, E M,, 
I(x) = 1. 
By assumption (iii) we have 
U(x) + D(x) < PG), x E x. (3) 
We now esimate U. D, U . Z, and D ’ I. Let E be the set of paths 
{v,, VI ,-..r u,-2 } in r, where ui E Mi+ I (0 < i < s - 2). If e = { uO, u, ,..., v,-* 1 
is in E, let L(e) be the set of vertices in M, adjacent to vO, and let R(e) be 
the set of vertices in A4, adjacent to u,-*. Set 
Q> = IUel and r(e) = I R (4 y e E E. 
Let Y be the set of cycles (u,, v, ,..., vls = v,}, vi E VT (0 < i < 2s), where 
v,, E M0 and v, E M,. For each cycle {v,, vi ,..., v,, = vO} in Y, we must have 
a(~, , v,+ i) > s - 2. This means U a D is just the number of cycles in Y, 
which is given by 
U. D = 1 YI = (c - 1) (cTE l(e) r(e)). 
By definition E, < Z(e) and rs- i < r(e) for all e E E, so 
(4) 
and 
(5) 
For v E M, let I(v) be the number of vertices in M,-, adjacent to v, and 
for v E M, let T(V) be the number of vertices in M, adjacent to v. Let W be 
the set of paths {v,,, v, ,..., v,- i, u,}, viE VT (O<i<s), where vOEM,, 
V s-l EM,, and v,EM,-i. We must have a(~,, us) > s - 2 for any such 
path, and so U. Z is the number of paths in W, which is given by 
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Since Z(V) <L, for all v E M,, we have 
U.Z<(L,-1) 2 r(e) . 
i 1 t-SE 
Similar arguments yield 
D.Z=E ( v r(v) - 1 < (R, - 1) s l(e) . t3EE Gie, 1 ( 1 CEE 
(6) 
(7) 
The Cauchy-Schwarz inequality states 
(U. D)* < (VI U)(D -0). 
This and (3) imply 
(U -0)’ < (U . (pZ - D))(D . (pZ - U)) 
<(p(U.Z)-U.D)(p(D.Z)-CD). 
Solving for p/(U . D) we obtain 
P 1 1 --- 
U.D’D.Z+U.Z’ 
Since 1 YI = Us D we can write 
p> I Yl I Yl 
c-Z/(c-l)D.Z+(c-1)U.Z. 
Notice that Lemma 2. I(i) implies no denominators are 0. Using (4) and (5) 
we get 
P > rs-1 
c-l ’ 
(CCEE ‘te>> + ‘1(C& ‘ce)) 
D.Z u-z 
and then using (6) and (7) and cancelling we obtain 
P > rs-1 11 - ~ 
c-l ‘RO--1 +z9 
as desired. 1 
We now prove the main theorem in this section. 
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THEOREM 2.2. Let r be a distance-regular graph with diameter d 
(1 < d < co), valency k, girth 2s or 2s - 1, and intersection array 
/ 
0 1 c* . * * Cd 
0 a, a, ... ad . 
k b, b, .a. 0 1 
Suppose a,-, < 2c, - 2 and set p = max(a,- , , cs). Then 
P bY 
>b,,+,- 1 + 
CX-S+ I
c,- 1 c,- 1 
(s<x<y+ 1 <d) 
and 
P > CY--s+1 + Cx-Sfl --____ 
c,- 1 ‘cy-1 c, - 1 
(s<x<d-y+s<d). (9) 
In particular r is finite with 
d<(s- l)(k- l>+ 1 if p = 2c, - 2, (10) 
d’ (’ - ‘) 
WI 
ln((2c, - 2)/p) + ’ I 
lf” p < 2c, - 2. (11) 
Proof. Let u be any vertex in VT and assume u is fixed throughout this 
proof. We first prove (8). Assume the integers x, y (s < x < y + 1 < d) are 
given. Let u E VT satisfy a(u, u) = y + 1 -x and set 
Mi=jw(wE U’,~(U,W)=~+ 1 +i-sandG(w,u)=x+i-s) 
(0 < i < s). 
Applying Lemma 2.1 to the vertex subgraph d of I- with VA = Us=,, Mi, and 
noticing that the constants rs-, , R,, I,, and L, mentioned in that lemma are 
the intersection numbers b,, by_,+ ,, c~-~+,, and c,, we obtain 
p > b, + cx-,,I 
c, - 1 ’ by--s+, - 1 cx - 1 
as desired. Equation (9) is proved similarly. Let integers x, y 
(s <x < d-y + s < d) be given and let u E VT satisfy a(u, v) =x + y - s. 
Set 
Mi=(wlwE VT,a(u,w)=x-s+ianda(w,v)=y-ii) 
(0 < i < s). 
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Applying Lemma 2.1 to the vertex subgraph d, of r with El I = UTzO Mi, 
and noticing that the constants rs-,, R,, 1,) and L, mentioned in the lemma 
are c,,-~+~, c,, c,-,+,, and cX, we obtain 
> Cy-*+I / CX-,,I . P 
c,- 1 c, - 1 c,- 1 
We now use (8) to find bounds on d. First supposing p = 2c, - 2, the left 
side of (8) becomes 2. Setting y = x - 1 in that line, we see that 
c, = cx--s+ I and b,-, - b,-, < 1 
or 
b x--s =bx-, and c,---c,-,,I < 1 
could not occur, so 
cx - Cx-s+ 1 +b,-,-b,-,>2 (s < x < d). 
This implies that for all integers j (1 <j < (d - l)/(s - l)), 
cj(s-l)+l - 1 + k-bj(s-k) 
= 5 Cci(s-l)+l -c(i-l)(s-I)+l +b(i-,)(,-,) -b,(,-,))> 2. (12) 
i=l 
If (.lO) were false and we had d > (s - l)(k - 1) + 1, then c+ ,)Cs.. ,)+, < 
k - 1 and b (k-,)(s-,J > 1. This and (12), with j= k- 1, give 
k-2+k-l~~~~-~)(~-~)+,-l+k-b~k-,)(S-,~~.2(k-l) 
which is impossible. Hence (10) must hold. 
Next assume p < 2c, - 2. Using (8) with y =x - 1 we get 
P b X-l C 
’ b,-, - 1 + 
-->-+c,_,,t *--St I b x-1 
c,- 1 c,- 1 b,-, CX 
(s<x<d). (13) 
Set I = s - 1, and let x be the unique integer in the range 
(14) 
For any integer y (0 < y < z - 1) set 
gy = CYl+’ 
co+ I)/+ I 
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and 
b cy+ 1)f h,=b. 
Yl 
Now 
z-1 1 b,, 1 
11 gyhy=-- 
y:o c:1+ I k 
>F. (15) 
From (13) 
hy + gy S 5 (OSYSZ- 1) 
5 
and so 
OYsgY 
i 
b-g,)-< (g-J c _ 1 (OSYSZ- 1). 
This and (15) yield 
P ( 1 
2: :--I 
2c, - 2 > rI gyhy>$ y=o 
22 In 
Since p ( 2c, - 2 we can write 
W) 
” ln((2c, - 2)/p)’ 
Equation (11) follows immediately from this and the left inequality in 
(14). I 
To what extent can the restriction a,-, < 2c, - 2 be eliminated? Since 
there are infinite distance-regular graphs, the restriction cannot be eliminated 
completely, but it can almost surely be greatly weakened. It seems likely that 
all infinite distance-regular graphs are distance-transitive, and all infinite 
distance-transitive graphs have been classified by Macpherson [4]. They 
have a very simple structure, and in fact their intersection numbers all satisfy 
ci = 1 and ai = a, (1 < i < co). Thus finding a diameter bound for those 
finite distance-regular graphs where c, = 1 may present difficulties, but it is 
expected that a finiteness and diameter bound theorem similar to Theorem 
2.2 can be found in the case c, > 2, with no restriction on a,_, . 
It is also expected that diameter bound theorems exist for graphs with only 
a fraction of the regularity properties distance-regular graphs possess. For 
582b134/2-4 
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example, a diameter bound a little weaker than (10) can be established using 
(9) instead of (8) in Theorem 2.2. Now notice we need not require I- be 
distance-regular to get (9)-only that the functions cli (0 < i < d) and a^,-, 
are constant, with a,- i < 2c, - 2. In the next section we will show that if we 
restrict a, _ I a little more, say a, _ I < c,, and if we assume c, >, 2, then we 
need only assume a^,- I and I?, are constant to get a diameter bound theorem. 
(s, c, u, k)-GRAPHS 
In this section we introduce a class of graphs which may contain enough 
of the local structure of distance-regular graphs for their diameters to be 
restricted. We prove this does happen in a special case. 
DEFINITION 3.1. For any integers c, s, a, and k with a + 2, s, c, k > 2, 
an (s, c, a, k)-graph r satisfies 
(1) the maximum valence of any vertex in r is k, 
(2) there are exactly c minimal paths between any two vertices a 
distance s apart, 
(3) there are exactly a paths of length s connecting any two vertices a 
distance s - 1 apart, 
(4) the girth of r is 2s - 1 if a > 0 and 2s if a = 0. 
We remark that these graphs are generalizations of (0, A)-graphs introduced 
by Mulder [5]. 
We conjecture that (s, c, a, k)-graphs are always finite. We can prove this 
in the case a < c, but know of no counterexamples to the general claim. First 
we show (s, c, a, k)-graphs have a little more structure than it first appears. 
LEMMA 3.2. An (s, c, a, k)-graph r is either regular or bipartite, with all 
vertices in each partition having the same valency. 
Proof. Let r be an (s, c, a, k)-graph. We first show the valency k(v) of v 
is at least 2 for any v E VT. If k(v) = 1 for some v E VT, then v is not 
contained in any cycle. If g = 2s - 1 (i.e., if a > 0), the vertex subgraph A of 
r with 
VA = (u 1 qu, v) < s - 2) 
contains no cycles, and hence VA # VT. This means there exists a vertex 
w  E VT with c?(u, w) = s - 1. Since a > 0, w  and v are contained in a cycle 
of length 2s - 1, a contradiction. On the other hand if g = 2s (i.e., a = 0), the 
vertex subgraph A, of r with 
VA, = (u(a(u,v)<s- 1) 
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contains no cycles, and hence VA, # VT. Thus there exists a vertex w  with 
a(v, w) = s. Since c > 2, w  and v are contained in a cycle of length 2s, 
another contradiction. Hence k(v) > 2. 
We now suppose U, u E VT satisfy a(u, u) = s - 1 and prove that 
k(u) = k(v). It is immediate that there are exactly a vertices in A(v, u). Let m 
be the number of (s + I)-paths connecting u and u, and let p, be the unique 
vertex adjacent to u and a distance s - 2 from v. If (U = uO, v, ,..., v,+ , = v}, 
ui E VI’ (0 < i< s + 1) were an (s + I)-path connecting u and v, then 
v, fp,, because if so there would be a cycle in r of length <2s - 2. If 
pz fp, is any other vertex in VT adjacent to u the number of (s + 1).paths 
of the form (u= vO, u1 =pz ,..., v,,, =u], u,E VT (O<i<s+ 1) would be 
16) 
a- 1 ifp,EA, and c- 1 ifp,&A,. We thus have 
m = JA(u, u)l (a - 1) + (k(u) - jA(u, u)] - l)(c - 1) 
=a@- 1)+(&)-a- l)(c- 1). ( 
Interchanging the roles of u and u we see 
m=a(a- l)+(k(u)-a- l)(c- 1) ( 
as well. Since c > 2 we can equate (16) and (17) to obtain k(u) = k(v). 
desired. To finish the proof we treat two cases. 
17) 
, as 
Case 1 (a = 0). If s = 2, then the above argument shows adjacent 
vertices have the same valency and hence the graph is regular. Assuming 
now that s > 3, we prove that all pairs of vertices a distance 2 apart have the 
same valency. Let U, v E VT with a(u, u) = 2 be given and let 
{u = uO, vi, u2 = u} be the unique 2-path connecting them. Since k(w) > 2 for 
all w  E VT we ‘can extend this path to (U = vO, vI, u2 = v,..., us}, where 
a(u, us) = s. Since c > 2, there is another s-path (U = uO, u1 ,..., U, = us), 
ui E VT (0 < i < s) connecting u and us. Then a(u, u,- ,) = a(~,-, , u, = v) = 
s - 1 and so k(u) = k(u,- ,) = k(u), as desired. 
Finally we show r is either regular, or bipartite, with vertices in each 
bipartition having the same valency. Let u, u E VT be adjacent with valencies 
k, = k(u) and k, = k(u). We show by induction that for all w  E VT 
(1) k(w)= k, or k,, and 
(2) if k(w) = k,, then k(y) = k, for all y f f(w), and if k(w) = k,, 
then k(y) = k, for all y E T(w). 
Since all vertices in T(u) - (u) are a distance 2 from u, they must all have 
valence k, and so the .proposition is true of U. Now let x, y E VT be adjacent 
and suppose the proposition is true of x. Without loss of generality we can 
assume k(x) = k, and hence k(y) = k, . Since all vertices in T(y) - (x) are a 
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distance 2 from x, they all have valence k, and so the proposition is true of 
y. Since r is connected the proposition is true of all vertices in VT. 
Now either there is at least one vertex with valence k, and k, (in which 
case k, = k, and r is regular) or else the sets {WI w  E VT, k(w) = k,} and 
(wlw E VI’, k(w) = k,} f orm a bipartition of VT where adjacencies are solely 
between the two sets. In this case r is bipartite. 
Case 2 (a > 0). To show r is regular we need only show any adjacent 
vertices U, u E Vr have the same valence. Extend the path {U = u,,, u, = v) to 
{u = uo, u, = u, v2 ,..., u,-, , } where a(u, u,- i) = s - 1. If {U = w,, w, ,..., 
W s-1, us-1 9 } wiE VT (O<i<s- 1) is one of the (I paths of length s 
connecting u and u,-i, then a(u, w,- ,) = a(~,-, , U, = V) = s - 1, so by the 
first part of this proof k(u) = k(w,- ,) = k(u), as desired. I 
In Lemma 3.3 and Theorem 3.4 we show (s, c, a, k)-graphs are finite when 
a < c, and give a bound on their diameter. 
LEMMA 3.3. Let r be an (s, c, a, k)-graph with a < c and diameter d 
(1 <d< co). Then 
ci > [ 1 G +c-1 (s < i < d). (18) 
ProoJ Recall that ci = min{ti(n, u) / (u, U) E Ni}. Because of (1) and 
since c, = c it suffices to show 
C(j+l)(s--l)+l 2Cj(s-l)+I + l 
Let j in this range be given and let U, v E VT satisfy 
a(u,u)=(j+ l)(s- l)+ 1. 
Let A be the subgraph of r induced by 
Applying Lemma 3.1 to A with p = c and Mi = X,,,_ ,) + i(~, U) (0 < i < s), we 
obtain 
C 1 
-a- Cj(s-l)+l 
c-l c-l 
+ 
c(j+l)(s-l)+I -1 
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or 
CWtl)(s-l)tl >cj(s-l)+l + l 
as desired. 1 
THEOREM 3.4. Let T be an (s, c, a, k)-graph with a < c. Then r is finite 
with diameter d satisfying 
d<(s- l)(k- l)+ 1, 
d < max 3s - 1, 
if c=2; (19) 
,<max(s- 1) 
2ck - 2c 
- 3c- 2 2c+ 5 t + 2, lj- c>2. (20) 
Proof: First assume c= 2 and that U, u E VT exist with a(u, V) = 
(s-l)(k-1)+2.IfwEC(u,v)wehave 
k- 1 >IZ-(w)- {v}l>lC(u,w)l> (k-s’“;- “1 +l=k, 
a contradiction. Hence (19) holds. Now assume c > 2 and set 
x=max 3s- 1, 
=max(s- 1) 
2ck - 2c 
3c- 2 (21) 
Suppose (20) were false and U, v E VT satisfy a(u, u) =x + 1. Set 
e, = max{I C(u, w)l I w E Xi(u, u)}, 
fi = maxII C(v, WI I w E X((u, ~11 (O<i<x+ 1) 
and set Ci = max{fi, eJ (0 < i < x + 1). It is immediate that 
C x+1-i+Ci<k (O<i<x+ 1). (22) 
Let y = [(x + s + 1)/2]. Applying Lemma 2.1 to the vertex subgraph d, of r 
with Vd, = U;=, XY--s+i(~, v) and p = c, we obtain 
C C x+2--Y CY-St 1 
c-l >‘c x+1+s-y -1 +c,--* 
This and (22) imply 
C > cxi2--Y cy-s+ 1 
c- 1 k-cy-s- 1 + k-c,,,-,- 1 ’ (23) 
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Because of (1) and since y-s + 1 <x+ 2 -y, we can replace cxfZPY, 
c y-s+, , and c,, ,--y with cYeS in (23) to obtain 
C 
-> 
2%s 
c-1 k-c,-,--1 
c_ <c(k-l) 
Or y s’ 3c-2 ’ 
Because s < y - s and (x + s)/2 < y, we can apply (18) in the above line to 
obtain 
Y-1 
,tc-36[PJs;l]+c-I~cSkcI:) 
and then solve for x to get 
x<(s- 1) 
2ck - 2c 
-2c+5 + 1. 
3c- 2 i 
This contradicts (21) and so (20) must hold. m 
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